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Abstract 

The supersymmetry of the electron in both the nonstationary magnetic and 
electric fields in a two-dimensional case is studied. The supercharges which are the 
integrals of motion and their algebra are established. Using the obtained algebra 
the solutions of nonstationary Pauli equation are generated. 
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I Introduction 



Supersymmetric quantum mechanics introduced in the papers |jl|, |^ currently attaches 
much attention (see also surveys ^, One of the quantum mechanical problem 
where supersymmetry (SUSY) is the physical symmetry is the motion of the electron in 
a stationary two-dimensional magnetic fields and in some three-dimensional fields 



T0| (see also 0, ^, || and references therein). 



The problem of introducing supersymmetry in the case of the electron motion in the 



nonstationary magnetic field was investigated for the first time in [11|. The case of a time- 
varying uniform magnetic field with the fixed direction was examined and it was shown 
that the group-theoretical analysis can provide a clue to the supersymmetric factorization 
of the time-dependent Pauli equation and to the obtaining of eigensolutions. Note also 
that recently the supersymmetry of a one- dimensional time-dependent Schrodinger equa- 
tion was established and with the help of the time- dependent Darboux transformation 
new exactly solvable time-dependent potentials were generated |T2|. 



The aim of the present paper is to establish the supersymmetry of the electron in both 
the nonstationary magnetic and electric fields. The supercharges are obtained as integrals 
of motion. They are the straightforward generalization of the well-known supercharges in 
the stationary case. 

II SUSY the of Pauli equation in a two-dimensional 

case 

In the present paper we consider the electron motion in nonstationary "two-dimensional" 
electromagnetic field. The equation of motion in this case is the nonstationary Pauli 
equation 



= ^P^, (1) 



where 



H, = \{Til + 7:l+pl-eBa,), (2) 

__. d 

TTq, Pq, C^Q!) Pa ^ 



dXa 



= Ax{x, y, t),Ay = Ay{x, y,t),A^ = 
are the components of the vector potential, 



B = B,{z,y,t) 



dAy OA, 



dx dy 

is the magnetic field parallel to the z-axis. 
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It is obvious that pz is the integral of motion. Therefore, the solution of equation (1) 
can be written in the following form 



where k is the value of momentum along 2;-axis. Then il){x, y, t) satisfies the Pauli equation 
(1) with a two-dimensional Hamiltonian 

H = ^i7il + nl-eBaz). (3) 

Further, we shall deal only with the two-dimensional case. 

Let us first take a look at the supersymmetry formulation of the two-dimensional Pauli 
equation in the case of the stationary magnetic field @, |^, ||, ^. Then the solution of the 
nonstationary equation can be written in the form of ip{x,y,t) = e~^^*"ip{x,y) and for 
ilj{x,y) we obtain the stationary Pauli equation 

H^{x,y) = Ei;{x,y). (4) 

The two-dimensional Pauli Hamiltonian can be written as follows 

or in supersymmetrical form 



The supercharges Q- read 



H = {Q+,Q_}. (6) 



Q- 



V2 



where 



^± = — ^ — -■ 
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It is convenient to introduce the complex variable z = x + iy. Then 

Tr+ = -2z^-eA{z,z*), (8) 

7r_ = -21-^ -eA*{z,z*), 

A{z,z*) = A^ + iAy. 

The introduced supercharges (7) satisfy also the following relations 

{Q±? = 0, (9) 
[Q±,H] = 0. 

These relations together with (6) define the supersymmetry algebra, which explains the 
two-fold degeneracy of the non-zero energy levels of the electron in the two-dimensional 
inhomogeneous magnetic field B{x,y). 

Note that the supercharges Q± commute with the Hamiltonian and in the case of the 
stationary magnetic field they are the integrals of motion. In the case of the nonstationary 
magnetic field all relations (5)- (9) are also true but Q± are not the integrals of motion. 
In the next section we shall establish the supercharges Q± which are the integrals of the 
electron motion in the nonstationary electromagnetic field. 



Ill Supercharges in a nonstationary case 

The supercharges which are the integrals of motion must satisfy the equation 



(10) 



This equation was used in |[T^ for the calculation of the supercharges in the case of 
the nonstationary magnetic field and some results of paper concerning SUSY were 
reproduced in more simple way. In this paper we consider the case of the nonstationary 
axially-sjTiimetric electromagnetic field with the vector potential 



A, = ~B{t)y+^D{t)x, 
Ay = ^B{t)x + ^Dit)y. 



Then the magnetic field is 



B^ = By = 0,B, = B{t). 



(12) 
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The components of the electric field consist of two parts 



2 dt ^ 2 dt ' ^ ' 

E _j9m^_idm 

^~ 2 dt 2 9t ^' 

where the first term is the solenoidal field connected with the time- varying of the magnetic 
field, the second term is a potential electric field of the nonstationary harmonic oscillator. 
Thus, the system considered is an isotropic two-dimensional nonstationary harmonic oscil- 
lator in the time- varying uniform magnetic field. Note, that the case D[t) = corresponds 



to the one considered in ||TT| , [13 . 
In complex variables 

A{z,z\t) = ]^a{t)z, (14) 

where 

a{t)=D{t)+iB{t) (15) 

and then 

d ea*(t) ^ , , 

vr, = -2. A _ 
+ dz* 2 

The solution of equation (10) Q± can be written in the form similar to (7) 



where 

c) en* 

n_ = -Mt)2z--Mt)—z\ (18) 

^^ = -n{mQ-;-m)-z, 

fi{t) and f2{t) are the unknown functions that will be calculated further. For this purpose 
the following commutation relations are useful 

[7r_,7r+] = ze(a-a*) = -2e5, (19) 
[tt-, 7r+] = ie{fif^a + A* /2a*), 
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[7r_,7r+] = ie{fia + f2a*), 



[7r_, 7r+] = -ie{fla* + f^a), 
[7r_,^_] = [7r+,7f+] = 0. 

Substituting from (17) into (10) we obtain the equation for 7f_ 

+ 7f_i/_ - i/+7f_ = 0. (20) 

Before considering the equation for /i and /2 note that 7f_ is in a simple way related 
with the integral of motion. Indeed, using the fact that 

H+- H^ = [7r_, 7r+] = -2eB{t), 

equation (20) can be written in the following form 

i-^ + [n_,H^] + 2eB{t)n_ =0. (21) 

Let 

~_ = e^'^Wj, (22) 
where f2(t) = e /g B{t)dt. Then / satisfies the equation 

z|^ + [/,if_] = 0. (23) 

Thus, I is the integral of motion of the Hamiltonian H_. It is obvious that / is also the 
integral of motion of if+ and thus the integral of motion of the total Hamiltonian H. It 
is worth noting also that 

n+ = e-^2f^W/+, (24) 
where J+ is the integral of motion conjugated to /. The question about the integrals of 



motion of the nonstationary quantum mechanical problems was studied in Wi . 

Now, let us consider the equations for fi and f2- Using the commutation relations 
(19) and substituting the explicit expression for 7f_ (18) in (20) or (21) we obtain a set 
of equations for fi{t) and /2(t) 

^ + ea*(t)(/i-/2) = 0, (25) 

^t^ + ea*(t)a(t)(A-/2) = 0. 
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The solution of this set of equations can be written as follows 



fi = fe'''''\ (26) 
e/2a* = (eD(t)/ + |[)e^^W, 

where / satisfies the second-order differential equation 

Thus, in our case the problem of constructing the supercharges Q± leads to equation 
(27). Solving this equation and using (26) we obtain /i, /2 and thus supercharges ([17|) 
Q±, where 

n. = e^^(*n-/2^^ - (§f + eD{t)f)^z*), (28) 
^+ = e-^^^*H-r2.^ - (^ + eD{t)n-z). 
In conclusion of this section let us consider the stationary magnetic and electric fields 

B{t) = B = const, 

D{t) = Dt, D = const. 
Equation (27) in this case can be easily solved 

/ = cie-*"* + C2e'"*, (29) 



where = y {eBy + cD, ci, C2 are arbitrary constants. 

We have two linearly independent solutions. Choosing ci = 1, C2 = gives the 
following supercharges 

Q+ = 7f ^^^""""^*(-2^^ - i^Dt - tu;)^z*)a^, (30) 
Q- = ^e-(---)*(-2. A _ (eDt + ^u;)lz)a., 
where c^o = ^B. The second linearly independent solution Ci = 0, C2 = 1 gives 

g+ = ;7|e^^-"^"^*(-2^^ - (eDt + ^uJ)^z*)a^, (31) 
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0- = -^er'^'^°+'^^\-2i^ - (eDt - iu;)-z)a^. 
y/2 ^ dz* ^ '2 ' 

Note that even in the constant electromagnetic field supercharges (30) and (31) depend 
on the time t. When the electric field is equal to zero D = the supercharges (30) result 
in the well known time independent supercharges (7). Supercharges (31) in the case of 
D = Q give new supercharges which are connected with (7) in the following way 

Q+ = e^2-°*Q+(-fi), (32) 
g- = e-^2'^°*Q_(-B), 

where Q±{—B) are supercharges (7) with the opposite directed magnetic field. 

IV The algebra of supersymmetry 

The supercharges Q± are the integrals of motion of H and they fulfil the superalgebra 

= (Q±)' = 0; (33) 

where 

£.^l/7f_7f+ \ 
2 V 7f+7f_ ) 

is also the integral of motion. H can be treated as a new Hamiltonian and is a time- 
dependent extension of the usual Hamiltonian H. 

One more integral of motion results from the axial symmetry. It is a ^-component of 
the angular momentum 

which satisfies the commutation relation 

[7f±,L^] = ^7f±. (35) 

It is obvious that Sz = (Jz/2 is also an integral of motion. The algebra of SUSY can be 
extended by and Sz which satisfy the following relations 

[g±, Lz] = ±g±, [Q±, 5.] = tQ±, (36) 

[Lz,H]^[Sz,H]^[Sz,Lz]^Q. 

The total moment J = Lz + Sz commutes with all the generators of the algebra. 
Note, that using (19) and (26) we obtain 

df* df 

i*_.*j = .(/^-r^). (37) 



8 



where / and /* are two linear independent solutions of equation (27). The Wronskian of 
equation (27) is constant. We choose to scale the solutions so that the Wronskian is 

df* df 
^ dt ^ dt' 

then 

[7r_,7r+] = 2. 

Let us introduce the operators of creation and annihilation 

satisfying the commutation relation = 1. It is convenient to introduce the oper- 

ators of creation and annihilation b± which are the integrals of motion. Using (22) and 
(24) we have 

6± = e^'^^^%±. (38) 

It is obvious that 

= (39) 

and using (35) 

[b±,L,]^^b±. (40) 
The new Hamiltonian H can be written as follows 

H = 6+L + (7+(7_ = 6+L + + 1/2 = + 5^ + 1/2. (41) 

In the new notation the supercharges are 

g+ = La+ = e^2^W6_a+, Q_ = b+a_ = e'^^^'^'^b+a.. (42) 

V Eigensolutions of H and representation of the al- 
gebra 

Let us choose the orthogonal basis \n,m,s >, where n = 0, 1, 2, ... are the eigenvalues of 
m is the eigenvalue of L;^, s = ±1/2 is the eigenvalue of -S'^;. 
The action of the operators on the basis is the following 

Hlnj-m, s >— {n + s + l/2)\n,m, s >, (43) 

Lz\n, m, s >= m\n, m, s >, 

Sz\n, m, s >— s\n, m, s >, 

b^\n, m, s >— \^\n — 1, m — 1, s >, 
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6+|n, m, s >= y/n + l\n + 1, m + 1, s >, 

Q+\n,m, s >= (5_i/2,se*^*^^*^yn|n - l,m - 1, 1/2 >, 

Q-\n,m,s >= 5i/2,se"'^^^*V?^ + 1|^ + l,m + 1,-1/2 > . 

The considered basis can be obtained by applying the operator of creation 6+ to the 
ground state 

|n, m, s >= ^=(6+)"'|0,m-n, s > . (44) 



The ground state is defined by the equation 

6_|0,m,s>=0. (45) 
The solution of this equation taking into account spin variables is the following 

\0,m,s>= Csit)x.{zT"'exp ^(eD(t) + jL^)\,\^^ (46) 

where 

Xl/2 = J ) ' X-1/2 = ( 1 ) 

are the eigenstates of the spin operator 5*2, from the condition that the wave function 
does not have a pole at zero m < 0, Cs{t) is a certain function of time. We may choose 
this function in the way that eigenstates of H satisfy the nonstationary Pauli equation. 
It is easy to check that the wave function (46) with 

C,{t) = c(/(t))'^~ie*("*+2')^W (47) 

indeed satisfies the nonstationary Pauli equation. Here C is a constant of normalization 
of wave function (46). 

It is known that applying an integral of motion to the solution of wave equation yields 
a function that itself is the solution of the same wave equation (see for example [1TI| , p!4[). 
Thus, because 6+ is the integral of motion, the wave function |n, m,s > calculated by (44) 
is also a solution of the nonstationary Pauli equation. For more details of constructing the 
exact solution of the nonstationary Schrodinger equation with the help of the dynamical 



symmetry see Note also that H has equidistant two- fold degenerated eigenvalues 



connected with SUSY, except for the unique ground state. 



VI Conclusion 

Originally, the SUSY of the Pauli equation was established in the case of the stationary 
magnetic field without the electric one. The supercharges in this case do not depend 



on time. In 111 it was shown that SUSY can be introduced also in the case of the 



nonstationary magnetic field. 
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In the present paper the SUSY of the Pauly equation is introduced in the case of both 
the nonstationary magnetic and electric fields. The supercharges are obtained as integrals 
of motion of the Hamiltonian. It is worth noting that although the supercharges Q± and 
the new Hamiltonian H arc the integrals of motion, there is implicit time dependence in 
them. In the case of the stationary magnetic and electric fields the obtained supercharges 
remain implicitly time dependent (see (31)). Only in the case of the stationary magnetic 
field without the electric one there exist the supercharges which do not contain time in 
implicit form. Note also that the obtained algebra can be used for generating solutions 
of the nonstationary Pauli equation as is shown in section 5. 
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